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ABSTRACT: A fragment approach is used to obtain statistical parameters for free-radical polymerizations 
of bifunctional monomers, allowing every possibility for chain termination, i.e., combination, disproportionation, 
and/or chain transfer. The method is based on (i) fragmentation of the system into all distinguishable units, 
comprising monomers and polymer fragments; (ii) determination of the concentration of every species and 
fragment in terms of kinetic parameters; and (iii) generation of average statistical parameters by joining the 
different fragments using a recursive algorithm. Number- and weight-average molecular weights result in 
a very simple way. 

Introduction 
Average statistical parameters of polymers produced by 

free-radical mechanisms, i.e., chainwise polymerizations, 
have been reported and discussed both for systems starting 
from bi- and polyfunctional monomers. In the former w e ,  
the resulting number- and weight-average degrees of po- 
lymerization of the polymer fraction, f ,  and Zw, can be 
derived from the molecular weight distribution obtained 
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by assuming a random polymerization. For the case of 
termination by transfer and/or disproportionation, the 
following expressions are obtained (the derivation is re- 
ported in many standard polymer textbooks): 

f ,  = 1/(1- 4 )  (1) 

(2) f ,  = (1  + q ) / ( l  - q )  

where 
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q = rp/(rp + rt + rd )  (3) 

(rp, r,, and rd are rates of propagation, termination by chain 
transfer, and termination by disproportionation, respec- 
tively). For the case where chains terminate exclusively 
by combination, the corresponding equations are 

3, = 2 / ( 1 -  q )  (4) 

(5) 

(6) 

(rc is the rate of termination by combination). 
The problem where all termination mechanisms take 

place simultaneously (as would happen, for example, when 
a chain-transfer agent is added to a system showing ter- 
mination by combination) has also been solved: using the 
distributions arising for q = 1. For this case, the poly- 
dispersity index is given by 

(7) 

(8) 

On the other hand, reported average statistical param- 
eters of networks arising from the free-radical polymeri- 
zation of polyfunctional monomers were obtained by using 
the theory of stochastic branching processes in different, 
though equivalent, Derivations retain the 
classical simplifying assumptions: (i) all double bonds are 
equally reactive, (ii) there are no substitution effects, and 
(iii) no intramolecular reactions occur in fiiite species. The 
statistical description of these networks has been accom- 
plished for the case where termination occurs by dispro- 
portionation and/or chain t r a n ~ f e r . ~ ~ ~ ~ ~ ~ '  However, when 
termination by combination is also present, no valid 
analysis has been reported (the approximation used in ref 
3 and 4 is not correct, as may be easily shown by reducing 
the resulting equations for the case of a bifunctional mo- 
nomer where chains are exclusively terminated by com- 
bination). 

The aim of this part of the series is to show the sim- 
plicity with which a fragment approach may be used to 
derive average statistical parameters for free-radical po- 
lymerizations of bifunctional monomers. This constitutes 
an alternative derivation to the body of kinetic work done 
on the same subject and yielding similar results. Moreover, 
kinetic methods leads to molecular weight distributions 
while the present approach enables one to obtain just 
average values. However, the simplicity with which the 
fragment approach operates in simple systems will be used 
with advantage to analyze network-forming systems with 
several termination mechanisms (part 2 of the series). 

The method is based on (i) fragmentation of the system 
into all distinguishable units comprising monomers and 
polymer fragments; (ii) determination of the concentration 
of every species and fragment along the polymerization 
using kinetic parameters (the fact that the parameter q 
is constant during the lifetime of chains is retained; this 
leads to the same instantaneous distributions derived from 
the quasi-steady-state assumption), and (iii) generation of 
average statistical parameters by joining the different 
fragments using a recursive algorithm. We have already 
used this method to analyze the formation of networks in 
several nonideal polymerizations, such as the production 
of the buildup of epoxy amine networks with 
simultaneous polyetherification,'O the buildup of polymer 
networks by initiated polyreactions," and the formation 

3, = (2 + (?)/(I - q )  

q = rp/(rp + rc) 
where 

%V/Z" = (2 + ,$N - ,$)/2 

,$ = I",/(rt + r d  + rc) 
where 

Statistics of Free-Radical Polymerizations. 1. 2569 

Table I 
Species and Fragments Identified When Termination Takes 

Place by Chain Transfer and/or Disproportionation 
polymer 

mass 
fragment moles mass fract. 

unreacted monomer, 0 A z ( l  - p )  M 
chain propagator, --e-+ A g q  M 4 
terminal unit, --@-I AzpU - 4) M 1 - 4  
initiator, 0-+ A g ( 1  - 4) 0 

of polyurethane networks taking into account intramo- 
lecular reactions.12 

The aim of the second part is to analyze the formation 
of networks by free-radical polymerizations, with the aid 
of the fragment approach, taking into account every pos- 
sibility for chain termination, i.e., making use of the pa- 
rameter ,$ defined by eq 8. 

For the sake of clarity, the present analysis will be 
performed beginning with particular cases and then de- 
riving the general expressions. 
Termination by Chain Transfer and/or 
Disproportionation 

Table I shows the different species and fragments that 
must be identified in this case. At  any conversion p ,  the 
number of moles of unreacted monomer is A2(l - p ) ,  where 
Az is the initial number of moles. The probability that a 
reacted monomer becomes a chain propagator is Agq,  
where q is defined by eq 3. A reacted monomer becomes 
a terminal unit with a probability of A g ( 1 -  q). In this 
notation, linkages (+) are joined to linkages (-). Thus, the 
number of moles of initiators must be equal to the corre- 
sponding number of terminal units. As usual, it is assumed 
that the mass of the initiator does not contribute to the 
polymer mass; i.e., i t  is regarded as a fragment devoid of 
mass. 

Once the concentration of every species and fragment 
has been stated, statistical parameters of the polymer 
chains may be obtained by using a recursive approach. Let 
us call Y(+) and Y(-) the average weights that are attached 
to linkages (+) and (-), respectively. These average weights 
are determined as Y(+) = Cfrwe,,(probability of joining 
a particular fragment having one or more (-) linkages)- 
(average weight contributed by the particular fragment) 
and Y(-) = Cfrqmenb(probability of joining a particular 
fragment having one or more (+) linkages)(average weight 
contributed by the particular fragment). For example, the 
probability of joining a chain propagator with a (+) linkage 
is equal to the fraction of all (-) linkages of the system that 
belong to chain propagators; i.e., (Agq)/[Agq + A g ( 1  
- q ) ]  = q. The average weight contributed by the chain 
propagator when joined by its (-) linkage is M + Y(+), i.e., 
the unknown Y(+) reappears and gives place to the re- 
cursive nature of the calculation. Then, 

Y(+) = q[M + Y(+)] + (1 - q)M (9) 
Y(+) = M/(1- q )  (10) 

Y(-) = q [ M  + Y(-)l + (1 - q) (O)  (11) 
Y(-) = qM/(1 - (7) (12) 

The weight-average molecular weight of the polymer 
fraction, Mw, is defined as Mw = Cfragmen,(mass fraction 
of a particular fragment belonging to the polymer)(average 
weight contributed by the particular fragment). Then, 
Mw = q [ M  + Y(+) + Y(-)] + (1 - q ) [ M  + Y(-)] = 

M + qY(+) + Y(-) (13) 
By substituting eq 10 and 12 in 13, we get 

f, = Mw/M = (1 + q ) / ( l -  q )  (14) 
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Table I1 
Species and Fragments Identified When Termination Takes 

Place by Combination 
polymer 

mass 
fragment moles mass fract. 

unreacted monomer, 0 Az(1 -P) M 
chain propagator,--.-+ AZPq M q  
unit terminated by combination, A& - q )  M 1 - q 

initiator, 0-+ A& - 4 )  0 

in agreement with the expected result (eq 2). 
On the other hand, the number average molecular weight 

of the polymer fraction, &fn, is defined as M ,  = (total mass 
of fragments belonging to the polymer)/[(l/2) times the 
number of moles of chain ends (initiators + terminal un- 
its)]. Then, 

--e4 

Mn = [ASQM + A g ( 1 -  q)M/  
1(1/2)[&~(1 - q )  + A d 1  - q)11 (15) 

M, = M/(1-  q )  (16) 

(17) 
or 

R, = MJM = 1/(1- q)  

as expected (eq 1). 

Termination by Combination 
Table I1 shows the species and fragments that must be 

identified in this particular case. Now, q is defined by eq 
6. The fragment that has entered into a recombination 
step is identified with an arrow. In order to regenerate the 
structure, arrows must be joined among themselves, 2 
being the average weight attached to each arrow. As the 
number of (+) linkages must be always equal to the num- 
ber of (-) linkages, the number of moles of initiators is 
A g ( 1  - 4). 

In this case, the average weights Y(+), Y(-), and 2 are 
given by 
Y(+) = q [ M  + Y(+)] + (1 - q ) [ M  + 21 = 

Y(-) = q[M + Y(-)l + (1 - q) (O)  = qM/(1 - 4 )  

2 + M/(1 - q )  (18) 

(19) 

2 = M + Y(-) (20) 

By substituting eq 19 in 20 and the result in eq 18, we get 
2 = M/(1-  q )  (21) 

Y(+) = 2M/(1- q )  (22) 

The weight-average molecular weight of the polymer is 
given by 
&Iw = q [ M  + Y(+) + Y e ) ]  + (1 - q ) [ M  + Y(-) + 21 

(23) 

(24) 

The number-average molecular weight of the polymer 

By replacing eq 19, 21, and 22, we get 
i, = M w / M  = (2 + q ) / ( l  - q )  

which agrees with eq 5. 

is calculated as 
Mn = [AsQM + A& - q)M/[(1/%42~(1- q)l = 

2M/(1- 9) (25) 

or 
R, = MJM = 2 / (1 -  q )  (26) 

as expected (eq 4). 

Table I11 
Species and Fragments Identified in the General Case 

polymer 
fragment moles mass mass fract. 

unreacted monomer, 0 A z ( l  - p )  M 
chain propagator, --e-+ A G q  M q  
unit terminated by A d  - q ) t  M (1 - 

unit terminated by Azp(1 - q ) ( l  - t )  M (1 - q ) ( l  - 8 

initiator, 0-+ Azp(1 - 4 )  0 

General Case 

identified in the general case. Now, q is defined as 

combination, --a+ 

transfer or disprop., 
--.-I 

Table I11 shows the species and fragments that must be 

q = rp/(rp + rt + r d  + rJ  (27) 

while g is given by eq 8 ( E  = 0 identifies termination by 
chain transfer and/or disproportionation, whereas 5 = 1 
represents the case of termination by combination). The 
number of moles of initiator is always calculated by stating 
that the number of (+) linkages must equal the number 
of (-) linkages. 

The average weights Y(+),  Y(-), and 2 are calculated 
as 
Y(+) = 
q[M + Y(+)l + (1 - q)F[M + 21 + (1 - q) ( l  - t ) M  (28) 

Y(+) = gz + M/(1-  q )  (29) 
(30) 

2 = M + Y(-) = M/(1 - q )  (31) 

Y(+) = M(1 + t ) / O  - q )  (32) 

Y(-) = q[M + Y(-)l + (1 - q) (O)  = qM/(1 - 4)  

From eq 29 and 31, we get 

The weight-average molecular weight is given by 
a, = q [ M  + Y(+) + Y(-)] + 

(1 - q ) l [ M  + Y(-) + 21 + (1 - q)(1 - 4)[M + w1 
(33) 

(34) 
= 0 and 1, eq 14 and 24 are correctly obtained. 

The number-average molecular weight is calculated as 

By substituting eq 30-32 in 33, we get 

For 
f, = Mw/M = (1 + q + l) /( l-  q)  

Mn = [AgqM + A g ( 1  - q)tM + A g ( 1  - q)( l  - t ) M /  

2M/[(1 - 4)(2 - 8 1  (35) 
Then, 

f ,  = MJM = 2/[(1 - q)(2 - g)] (36) 
For .$ = 0 and 1, eq 17 and 26 are correctly predicted. 

(37) 

( (1 /2 ) [Ag( l  - q)(1 - 5 )  + A d 1  - q)lI = 

The polydispersity is defined as 
ZW/% = (1 + q + O(2 - t ) / 2  

which gives eq 7 for q = 1. 

Conclusions 
The fragment approach constitutes an extremely simple 

method to obtain statistical parameters of free-radical 
polymerizations involving different termination steps. The 
method may be conveniently applied to the case where 
polyfunctional monomers are also present, leading to the 
formation of networks. 
References and Notes 

(1) Kenat, T.; Kermode, R. I.; Rosen, S. L. J. Appl.  Polym. Sci. 
1969, 13, 1353. 

(2) Gordon, M. Proc. R. SOC. London, Ser. A 1962, A268, 240. 



Macromolecules 1988,21, 2571-2575 2571 

(9) Vizquez, A.; Adabbo, H. E.; Williams, R. J. J. Ind. Eng. Chem. 
Prod. Res. Dev. 1984,23, 375. 

(10) Riccardi, C. C.; Williams, R. J. J. Polymer 1986,27, 913. 
(11) Williams, R. J. J.; Riccardi, C. C.; Ddek, K. Polym. Bull. 1987, 

17, 515. 
(12) Moschiar, S. M.; Piacentini, C. A. L.; Williams, R. J. J. Poly- 

mer, in press. 

(3) Macosko, C. W.; Miller, D. R. Macromolecules 1976, 9, 199. 
(4) Miller, D. R.; Macosko, C. W. Macromolecules 1976, 9, 206. 
(5) Whitney, R. S.; Burchard, W. Makromol. Chem. 1980,181,869. 
(6) Durand, D.; Bruneau, C. M. Eur. Polym. J.  1985, 21, 527. 
(7) Durand, D.; Bruneau, C. M. Eur. Polym. J. 1985, 21, 611. 
(8) Aranguren, M. I.; Borrajo, J.; Williams, R. J. J. Ind. Eng. 

Chem. Prod. Res. Dev. 1984,23, 370. 

Statistics of Free-Radical Polymerizations Revisited Using a 
Fragment Approach. 2. Polyfunctional Monomers 

Roberto J. J. Williams* and Claudia i. Vallo 
Institute of Materials Science and Technology (ZNTEMA), University of Mar dkl Plata, and 
National Research Council (CONICET), J.  B. Justo 4302, 7600 Mar del Plata, Argentina. 
Received August 5, 1987; Revised Manuscript Received December 28, 1987 

ABSTRACT A fragment approach is used to derive statistical parameters of networks prepared from4the 
free-radical polymerization of an A, + Ar system, allowing different termination mechanisms to take place 
simultaneously. When the termination mechanism is shifted from chain transfer and/or disproportionation 
to combination, gelation is advanced by a factor 2/3, the amount of soluble material in the polymer fraction 
decreases, and the amount of elastic material in the polymer increases while showing a higher concentration 
of the cross-linking points of the highest possible functionality. Different macroscopic properties are, thus, 
expected for the resulting networks. 

Introduction 
Statistical parameters of networks arising from the 

free-radical polymerization of polyfunctional monomers 
have been derived by several authors,l+ using methods 
related to the theory of stochastic branching processes. A 
common limitation of these developments is that they do 
not consider, a t  least correctly, the case where different 
termination mechanisms take place simultaneously (the 
approximation used in ref 2 and 3, where termination by 
combination is considered statistically equivalent to 
propagation is not correct, hs may be realized by analyzing 
the resulting expressions when combination is the exclusive 
termination mechanism). 

Little is known about chain termination mechanisms for 
most monomers. Structural factors affecting the termi- 
nation mechanism are the number of hydrogen atoms 
available for disproportionation and the bulkiness of 
substituents on the radical carbon atom. Increases in both 
factors enhance the termination by disproportionation. 
For example, in the case of styrene, it is generally agreed 
that termination takes place almost exclusively by com- 
bination over a wide range of temperatures. In the case 
of methyl methacrylate, both mechanisms are operative 
but the relative contribution of disproportionation in- 
creases with temperature (in this case there are bulky 
substituents and five hydrogens available for dispropor- 
tionation). Chain transfer is obviously enhanced by adding 
a transfer agent. In any case, it is important to estimate 
the incidence of a shift in the termination mechanism on 
pre- and postgel properties of the polymer. 

The aim of this part is to use the fragment approach 
previously developed' and to derive statistical parameters 
of networks prepared from the free-radical polymerization 
of an A2 + Af system, allowing different termination 
mechanisms to take place simultaneously. As any double 
bond is a bifunctional unit, the functionality f of the po- 
lyfunctional monomer is always an even number. The 
present derivation retains the classical simplifying as- 
sumptions: (i) all double bonds are equally reactive, (ii) 
there are no substitution effects, and (iii) no intramolecular 
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reactions occur in finite species. The validity of the last 
hypothesis may be questionable a t  the Beginning of the 
reaction, when there is a finite probability for the radical 
a t  the end of a growing chain to react with double bonds 
pendant on its own chain? The present analysis is then 
restricted to systems with a low concentration of the po- 
lyfunctional monomer At 

Fragment Approach 
Table I shows the species and fragments that may be 

identified for a particular reaction extent p .  An Af mol- 
ecule, with mass Mf,  is fragmented into a skeleton with f / 2  
branches, devoid of mass, and f / 2  double bonds, the mass 
of each one being M f ( 2 / f ) .  In order to regenerate the Af 
structure, (a) linkages must be joined with (p)  linkages. 

The probability that a reacted double bond propagates 
the chain is defined as 

where r p  is the propagation rate and rt, rd, and r, are ter- 
mination rates by chain transfer, disproportionation, and 
combination, respectively. 

The probability that termination occurs by combination 
is defined as 

By use of the definitions given by eq 1 and 2, the molar 
concentration of every species and fragment may be cal- 
culated, as is shown in Table I. In order to regenerate the 
structure, it must be taken into account that (+) linkages 
must be joined with (-) linkages, (a) linkages with (p)  
linkages, and arrows among themselves. As the concen- 
tration of (+) linkages must be equal to the one of (-) 
linkages, the concentration of initiator fragments must 
equal that of terminating units. Similarly, Table I shows 
that the concentration of (a) linkages is equal to the one 
of (0) linkages = fAf/2. 

At  any reaction extent p ,  the unreacted Af monomer 
verifies that not one of its f / 2  double bonds has reacted. 
Then, its concentration is given by Af(1 - p )  f f z ,  with an 
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